Abstract. Heitmann's proof of three-dimensional direct summand conjecture has opened a new approach to homological conjectures in mixed characteristic. He showed that the absolute integral closure of a three-dimensional complete local domain of mixed characteristic is an almost big Cohen-Macaulay algebra. Inspired by his work and by the almost ring theory of Faltings, Gabber and Ramero, we discuss a normalized length function to characterize almost zero modules. Then we apply the length function to study certain local cohomology modules in mixed characteristic.
Introduction
The direct summand conjecture is the following statement.
Conjecture. Let R be a regular local ring, and let S be a module-finite algebra over R. Then R is a direct summand of S as an R-module.
This conjecture was solved for the case of equicharacterisitc rings ( [10] ). Recently, Heitmann ( [9] ) proved the following theorem to deduce the conjecture in dimension 3 in mixed characteristic. See also [21] . While the conjecture remains open in dimension > 3, Heitmann's proof parallels the techniques in arithmetic geometry in many ways. In his paper [4] , Faltings proved a similar statement to the direct summand conjecture in mixed characteristic for the purpose of establishing the fundamental theorem relating p-adicétale and de Rham cohomologies on the closed and generic fibers of the scheme of finite type over some mixed characteristic DVR. Faltings uses the Frobenius action on some local cohomology modules and introduced the normalized length for certain modules to measure the complexity of the torsion part of local cohomology. The rigorous foundation of his approach was developed by Gabber and Ramero under the name of almost ring theory ( [5] ). Faltings' work originates from Abhyankar's lemma (Proposition 5.2, Appendice 1, [8] ) and Tate's p-divisible groups ( [23] ). He only sketched the framework of almost ring theory in [3] . For an introduction to almost ring theory, refer to [19] . Let me briefly explain their ideas in one-dimensional case. If one starts with the ring of p-adic integers Z p , take the union of the family of finite extensions [5] .
Let (R, m, k) be a power series ring over a complete discrete valuation ring of mixed characteristic p > 0 with perfect residue field k. Then we will introduce Faltings' normalized length λ(M) for an m-torsion module M over a certain quasilocal ring R ∞ which is constructed as a certain flat and integral extension of R. For a module-finite extension R ֒→ S of local domains, we shall define a perf ect S-algebra S ∞ as a normal domain integral over S such that the Frobenius endomorphism on S ∞ /pS ∞ is surjective.
For an A-module N and a ∈ A, let N a := {t ∈ N | at = 0} throughout this article. Let S n be a local domain module-finite over R n , and let S ∞ be the perfect S n -algebra for all n ∈ N. We define N ∞ Sn to be the image of the map of local cohomology modules
Here is the main theorem in this paper. Theorem 1.2. Let S n be a normal local domain of mixed characteristic p > 0 and of dimension d > 2 such that each S n is module-finite over R n for n ∈ N. Then for all n ≥ 1, we have
where ℓ(−) denotes the classical length. In particular, for all n ≥ 1 the map
It should be pointed out that the cohomology H 2 m (S n ) is a finitely generated R n -module, which follows by local duality. It is a rather subtle issue how to deal with the finiteness condition of modules over non-Noetherian rings. The essential point of almost ring theory ignores certain torsion part of modules over rings to define "almost" finitely generated (resp. finitely presented, flat, and etc,) modules, which specialize to the usual definitions in commutative ring theory. The proof of this theorem uses certain Frobenius action on local cohomology modules and the following theorem.
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Normalized length function
Let (R, m, k) be a complete regular local ring of mixed characteristic p > 0
such that (V, pV, k) is a complete discrete valuation ring with perfect residue field k of characteristic p > 0. Then we consider the direct system of regular local rings
]] with maximal ideal m e , and let R ∞ := lim − → R e . Then the ring R ∞ possesses the following good properties.
(1) R ∞ is a henselian quasilocal ring of dimension d with unique maximal ideal m ∞ .
(2) R ∞ is faithfully flat and integral over R. Definition 2.1 (Normalized length).
(1) Let us start with a finitely presented module M ∈ M. Then there is a finite presentation for M: R
For sufficiently large n ∈ N, we have a ij ∈ R n with ϕ = (a ij ), and for some finite R n -module M n we have
Since R ∞ is flat over R n , we may tensor R ∞ with ( * * ) over R n to obtain
which is equivalent to the presentation ( * ), and thus
2) Let us assume M is a finitely generated module in M. Then define
where "inf" is taken over all finitely presented modules N in M that map onto M. (3) Finally let us assume M is an arbitrary module in M. Then define
where "sup" is taken over all finitely generated submodules N of M.
Remark 2.2. One can extend the class of rings for which the normalized length is well-defined as follows. For the definition of the length, we only use the fact that R e ֒→ R e+1 is flat and of the constant rank p d . It is therefore natural to start with a family of flat extensions of Noetherian local rings
such that the rank [R n+1 : R n ] stabilizes for n ≫ 0 and √ m n R n+1 = m n+1 for all n ∈ N. Under this set-up, one can define the well-defined normalized length as in the case R is a complete regular local ring.
We refer to [6] for more detail. In fact, [6] discusses normalized length function for more general type of rings. First of all, one has to check that λ(M) is well-defined in case M is finitely presented.
Lemma 2.3. The length λ(M) for a finitely presented module M ∈ M is well-defined for all sufficiently large n ∈ N in the definition.
Proof. When the length is defined for some n ∈ N, it suffices to prove the lemma for all m ≥ n. The proof is based on the following known formula: let N be an R n -module of finite length. Then for any m ≥ n, we have
We may apply this formula when
which is the desired result.
The following lemma is, more or less, not so obvious. Proof. The proof can be checked straightforwardly from the definition.
Remark 2.5. From the definition, the length λ(M) is finite for a finitely generated module M ∈ M. It is true that if M is finitely presented module in M, then
while the same thing does not hold for the finitely generated case. For example, take R ∞ /m ∞ which belongs to M and is not a finitely presented R ∞ -module. Then, by definition we can calculate that λ(R ∞ /m ∞ ) = 0. This result is based on the fact that R ∞ /m ∞ is annihilated by m ∞ which contains elements of arbitrarily small order.
This remark suggests the following definition. The next lemma is useful for actual computations.
Lemma 2.7. Let M be a finitely generated module in M and let u 1 , . . . , u s be any system of generators of M. Let M n denote the R n -module generated by u 1 , . . . , u s . Then M n ⊗ Rn R ∞ is a finitely presented module in M that admits a surjection to M, and
Proof. By Nakayama's lemma, we first notice that the number of generators of the R ∞ -module M is constant. Let v 1 , . . . , v s be another system of generators of M. Then any s × s matrix A = (a pq ) such that
is invertible since the residue classes of these system of generators are the bases of M/m ∞ M over R ∞ /m ∞ . So the length ℓ(M n ) does not depend on the choice of the set of generators. By definition, it suffices to prove if N is a finitely presented module in M that surjects onto M, then there exists some n ∈ N such that the R ∞ -module N admits a surjection onto M n ⊗ Rn R ∞ as we would get
, from which the conclusion easily follows.
Since N is finitely presented, there exists some n ∈ N such that N ∼ = N n ⊗ Rn R ∞ for some finite R n -module N n . Then define M n to be image of the composite map N n ֒→ N n ⊗ Rn R ∞ ։ M and the module N obviously admits a surjection onto M n ⊗ Rn R ∞ .
The normalized length behaves additively on the short exact sequence of R ∞ -modules in M.
Proof. In the case where all relevant modules are either finitely presented or finitely generated, the claim follows easily by the definition of the normalized length together with Lemma 2.7. So let us consider the general case. Since the image of every finitely generated submodule of M in M ′′ is finitely generated, we are reduced to the case where both M and M ′′ are finitely generated by the definition of normalized length for general modules. Let us denote by M n an R n -submodule of M generated by any fixed generators of the R ∞ -module M. Let M ′′ are finitely generated, it follows from Lemma 2.7 that
which is equivalent to the inequality
On the other hand, since M ′′ = lim − →n M ′′ n ⊗ Rn R ∞ , for any ǫ > 0 there exists sufficiently large n > 0 such that
Let us consider the following commutative diagram with exact rows.
n , which follows from the snake lemma. Let γ = ℓ(Ker(h)). Then there follows that
. It also follows by our assumption that
We can put all inequalities obtained above together to obtain that γ
On the other hand, since {λ(M
. This inequality together with an epimorphism Ker(h) ։ Coker(f ) yields that
and therefore
Since ǫ can be taken arbitrarily small, so that λ(M) − λ(M ′′ ) ≤ λ(M ′ ). Hence the claim follows.
Proposition 2.9. Let N be a module in M that admits an injection into some finitely presented module M ∈ M. Assume λ(N) = 0. Then N = 0.
We remark that the module M is not assumed to be even finitely generated.
Proof. Let us consider the exact sequence
Then it suffices to show that every finitely generated submodule of N is a zero module. Let N ′ be a finitely generated module. Then one has λ(N ′ ) = 0 and the quotient module M/N ′ is finitely presented with λ(M) = λ(M/N ′ ). However, since M is finitely presented, there exists an Positive characteristic: Let S be a (not necessarily Noetherian) domain of positive characteristic p > 0. Let S ∞ be a directed union of the system S ֒→ S 1/p ֒→ · · · ֒→ S 1/p n ֒→ · · · . Then S ∞ is the "smallest" perfect S-algebra. In fact, the Frobenius map on S ∞ is an automorphism. Mixed characteristic: In this case, it is easy to see that the Frobenius map on R ∞ /pR ∞ is surjective. However, since R ∞ /pR ∞ is not reduced, the Frobenius map is not injective. Let R + be the absolute integral closure of R; that is, it is the integral closure of R in the algebraic closure of the quotient field of R. Then R + is the "maximal" perfect R-algebra. In the mixed characteristic case, the notion of perfect algebras is quite subtle since there are not many known examples. This issue will be pursued in detail in the subsequent paper.
Lemma 2.11. Let S ∞ be a perfect S-algebra. Then there exists a unique ring isomorphism
Proof. Let K denote the algebraic closure of the quotient field of R. Then it is easy to show that F (x) = 0 with x ∈ S ∞ ⇐⇒ x p = p · θ for some θ ∈ S ∞ . Taking the p-th root of x p = p · θ in K, we get that x = p 1/p ·θ whereθ is a root to the equation t p − θ = 0. Henceθ ∈ S ∞ [1/p]. However, since S ∞ is assumed integrally closed, we must haveθ ∈ S ∞ , which gives the desired ring isomorphism F :
Definition 2.12. Let M be any R ∞ -module such that p · M = 0. Then M [F ] denotes the R ∞ -module which is isomorphic to M as abelian groups and its module structure is given by a · m := a p m =: m · a for a ∈ R ∞ and m ∈ M [F ] .
Notice that M → M [F ] defines the identity functor on the underlying abelian groups and we give the bimodule structure on the modules via the Frobenius map.
Example 2.13 (Frobenius in mixed characterisitc). As in the case of positive characteristic, it would be very nice if the map similar to the Frobenius action can be defined in mixed characteristic. Here is an example. Let M be an R ∞ /p 1/p R ∞ -module that admits a Frobenius map F in the following sense: the map F : M → M is a homomorphism of abelian groups. As an R ∞ -module map, one has F (am) = a p F (m) for a ∈ R ∞ and m ∈ M, which makes sense since p 1/p · M = 0 by assumption, and hence
. Now we can define the following map in mixed characteristic:
which is well-defined and is called the relative F robenius map.
We are now ready to state the main theorem in this paper.
Theorem 2.14 (Frobenius pull-back formula). Let M be an m-torsion R ∞ -module such that
Proof. Let start with the case in which M is finitely presented in M, and let
be the presentation for M such that ϕ is defined over R n for some n ≥ 0. Since the functor [F ] is exact and p · M = 0 by assumption, we obtain the following commutative diagram
where the vertical maps are induced by the ring isomorphism
which is induced by the Frobenius map. Then using the above diagram together with the ring isomorphism
induced by the Frobenius, we have the following exact sequence
. On the other hand, since the residue class field of R is assumed to be perfect, we have
p d , which completes the proof for the case of finitely presented modules.
Next let us assume M is finitely generated in M. Let N be a finitely presented module in M such that there is a surjection N ։ M. Then this map factors as N ։ N/pN ։ M by assumption and we have λ(N) ≥ λ(N/pN) ≥ λ(M). Therefore we can replace N with N/pN to prove the theorem. Then since N [F ] belongs to M and is a finitely presented module that maps onto
). Conversely, let N ′ be a finitely presented module that maps onto M [F ] . Then there is an
n . Now take u 1 , . . . , u s to be a set of generators of M [F ] and define the R n−1 -module
can be viewed as an R n -module via the Frobenius F : R n /pR n → R n−1 /pR n−1 , and the module M
[F ] n is finitely generated over R n . Hence we obtain the surjective map of R ∞ -modules as follows
Now we claim that there is an R ∞ -module isomorphism
For a proof, let
be the presentation of the R n−1 -module M n . Then the presentation of M n+1 can be obtained by replacing R n−1 by R n in the above presentation. Consider the following commutative diagram
in which both Φ m 0 and Φ m 1 are induced by the R ∞ -module map
and (R n−1 /pR n−1 )
[F ] is viewed as an R n -module via the Frobenius F : R n /pR n → R n−1 /pR n−1 . Then Φ factors as follows:
which is obviously an R ∞ -algebra isomorphism. Hence
Since the R ∞ -module N := R ∞ ⊗ Rn M n+1 gets mapped onto M and N is finitely presented, it follows that
Therefore, we obtain the desired formula λ(M) = p d ·λ(M [F ] ) for the case of finitely generated modules.
Finally, let M be an arbitrary module in M, and let N ⊂ M be any finitely generated submodule. Then N [F ] is an R ∞ -submodule of M [F ] and N [F ] is finitely generated over R ∞ since the residue field of R ∞ is assumed to be perfect. We have
be a finitely generated submodule. Then we can find a set of generators {v i } i∈I of M, a finite subset I ′ ⊂ I, and an R ∞ -module N such that
Then it follows that
), which completes the proof.
In the following, we write
for an element x ∈ R ∞ whenever one has x 1/p n ∈ R ∞ . Notice that this is a flat R ∞ -module since it is a union of principal ideals. As a corollary, we can prove:
Proof. By the definition of length function, we easily reduce to the case in which M is finitely generated in M, which implies that λ(M) < ∞. Then by assumption, we must have M ∼ = M [F ] due to the fact that the Frobenius map on R ∞ /(p 1/∞ ) is an automorphism. Then we obtain
Finally, we discuss the relation of almost zero modules with an m-adic valuation on R ∞ . Let us first recall the definition of an m-adic valuation on Noetherian domains. Let v m denote the m-adic valuation on R. Then since R ∞ is integral over R, the valuation v m extends to R ∞ in a unique way such that
Hence this defines a Q-valuation on R ∞ . Proposition 2.17. Let M be an m-torsion R ∞ -module. Suppose λ(M) = 0. Then M is almost zero with respect to the m-adic valuation on R ∞ . In particular, for any given m ∈ M and positive ǫ ∈ Q, there exists an element r ∈ R ∞ such that r · m = 0 with v m (r) < ǫ.
Proof. Let v m denote the m-adic valuation on R ∞ with valued group Q. It suffices to consider the case where M is a cyclic R ∞ -module. Then R ∞ · x ∼ = M for some x ∈ M and there is an isomorphism R ∞ /Ann R∞ (x) ∼ = R ∞ · x. Assume that there exists some nonzero k ∈ Z such that
Then for any n ∈ N with n > k, we obtain
where the middle term denotes the number of monomials p
d in R n with specified conditions. Now it follows from Lemma 2.7 that
which contradicts our assumption that λ(M) = 0, so the claim follows.
Applications to local cohomology modules
In this section, we shall use normalized length to study the image of of maps of local cohomology modules. Let S be a normal local domain that is modules finite over R, and let S ∞ be a perfect S-algebra. Then the inclusion map S → S ∞ induces a map on local cohomology
In order to compute the length, we may tensor the map with R ∞ . Henceforth, we consider the case i = 2 and dim R ≥ 3. Then the image of the map
is a finitely generated m-torsion R ∞ -module. In fact, it can be shown that λ(H 2 m (S) ⊗ R R ∞ ) = ℓ(H 2 m (S)) is finite for dim R ≥ 3 by local duality. The case in which Heitmann studied is dim R = 3 and S ∞ := S + (see [9] for his statement and proof). However, we can apply our method to higher dimensional case as well, so we will assume dim R ≥ 3 in what follows.
Lemma 3.1. Let T be any (not necessarily Noetherian) R-algebra which is obtained as the filtered direct limit of normal domains {T α } α , each of which is module-finite over R.
( Our objective is to study the map of local cohomology induced by the Frobenius isomorphism F : S ∞ /p 1/p S ∞ ∼ = S ∞ /pS ∞ for a perfect S-algebra S ∞ . The Frobenius F commutes with localization and is compatible with the differentiation ofČech complexes. So we have a complex homomorphism F * :
and the induced isomorphisms of local cohomology modules
for all i ∈ N. In particular, we have
p by Lemma 3.1. Let us now prove the following main theorem. Theorem 3.2. Let S n be a normal local domain of dimension d > 2 such that S n is modulefinite over R n for all n ∈ N. Let S ∞ be a perfect S n -algebra for all n ∈ N. Then for all n ≥ 1 we have λ(N Proof. Let us consider the following commutative diagram of R ∞ -modules
